Hence the present paper aims at the study of economic behavior of an N-policy M x /M/1 queue in which service is in two-phases and the server is typically subjected to unpredictable breakdowns in both phases of service and delayed repair.
B. Model description and assumptions
We consider an M x /M/1 queueing system with server startup, two-phases of service, unreliable server, and delay in repair due to non-availability of the service facility operating under N-policy. Assumptions of the model (i). The arrival process is a compound Poisson process (with rate λ ) of independent and identically distributed random batches of customers, where each batch size X, has a probability density function {a n : a n = P(X=n), n≥1}. Batches are admitted to service on a first come first served basis. (ii).The service is in two phases. The first phase of service is batch service to all customers waiting in the queue.
On completion of batch service the server proceeds to second phase to serve all customers in the batch individually. Batch service time is assumed to be exponentially distributed with mean 1/β and is independent of batch size. Individual service times are also assumed to be exponentially distributed with mean 1/μ. On completion of individual service, the server returns to the batch queue to serve the customers who have arrived. If customers are waiting, the server starts the batch service followed by individual service to each customer in the batch. If no customer is waiting, the server takes a vacation. (iii).Whenever, the system becomes empty, the server is turned off. As soon as the total number of arrivals in the queue reaches to a predetermined threshold N the server is turned on and is temporarily unavailable for the waiting customers to restart service. It needs a startup time which follows an exponential distribution with mean 1/θ. As soon as the server finishes startup, it starts serving the first phase of waiting customers. (iv).The customers who arrive during the pre-service and batch service are also allowed to enter the same batch which is in service. (v).The server is subject to breakdowns at any time with Poisson breakdown rates α 1 for the first phase of service and α 2 for the second phase of service where it is working. Whenever, the server fails, it is sent for repair during which the server stops providing service and waits for the repair to get started. The waiting time for repair is defined as delay time and is assumed to be exponentially distributed with mean 1/δ. Repair time in any phase of service is assumed to be exponentially distributed with mean 1/γ. (vi).In case the server breaks down while serving customers, it is sent for repair and that particular batch of customers or the customer who is just being served should wait for the server to come back to complete the remaining service. Immediately after the server is repaired, it starts to serve and the service time is cumulative. A customer who arrives and finds the server busy or broken down must wait in the queue until a server is available. Customers continue to arrive during the delay and repair periods of the broken server. The primary objectives of the paper: (i) To establish the steady state equations and to obtain the steady state probability distribution of the number of customers present in the system. (ii) To derive diverse system characteristics such as expected number of customers in different states of the server: in vacation, in startup, in batch service, in individual service, in breakdown and delay states. An attempt is also made to estimate the expected length of the queue for the geometric batch size distribution. (iii) To obtain the mean queue waiting time by heuristic interpretation and reliability indices. (iv) Further, the paper aims to formulate the total expected cost function per unit time and determine the optimal value of the control parameter N. (v) Finally it proposes to perform a sensitivity analysis on the optimum value of N and the minimum expected cost through numerical experiments.
II. Steady state results
In steady state the following notations are used. service queue when the server is in individual service, i = 0, 1, 2,…, and j = 1, 2, 3,… j i, 6, P = The probability that there are i customers in the batch service queue and j customers in the individual service queue when the server is in individual service , but found to be broken down and waiting for repair , i = 0,1,2 …, and j = 1,2,3…. j i, 7, P = The probability that there are i customers in the batch service queue and j customers in the individual service queue when the server is in individual service, but the server is under repair, i =0,1,2…, and j = 1,2,3…. The steady state equations satisfied by the system size probabilities are as follows:
(2.14) 
Solving equations (2.1) to (2.16) the following generating functions are obtained:
The total probability generating function y) G(z, is given by
The normalizing condition is P  and  P  ,  P  ,  P  ,  P  ,  P  ,  P  ,  P be the probabilities that the server is in vacation, in startup, in batch service, waiting for repair during batch service, under repair during batch service, in individual service, waiting for repair during individual service and under repair during individual service states respectively. Then 
A. Expected number of customers in different states
Using the probability generating functions expected number of customers in the system at different states are derived in this section.
be the expected number of customers in the system when the server is in vacation, in startup, in batch service, waiting for repair during batch service, under repair during batch service, in individual service, waiting for repair during individual service and under repair during individual service states respectively. Differentiating the generating functions G q (z), q = 0,1,2,3,4,5,6,7 given in equations (2.17) to (2.24) and substituting z =1 we get Finally, the expected number of units in the system 
The long run fractions of time the server is in different states are respectively, , P (1)
Expected length of vacation period is given by 
A. Heuristic approach to waiting time in the queue
Let W q be the waiting time of the test customer until his individual service. An arbitrary customer waits different time amounts according to the state of his arriving epoch. First, we divide the regeneration cycle into eight parts of the idle period, the startup period, the first phase batch service period, waiting time for repair and repair period due to breakdown in first phase, the second phase individual service period, waiting time for repair and repair period due to breakdown in second phase, and the repair period with respective probabilities
That is the system state that the arriving customer sees determines his waiting time. The test customer has to wait during the individual service times for those already waiting (except the ongoing individual service) in the system. In addition to it, (i) If the server is idle, the customer has to wait the remaining idle period, startup period, the first phase batch service period. (ii) If the server is in the startup state, the customer has to wait the remaining startup period, the first phase batch service period. (iii) If the server is in the first phase, the customer has to wait the remaining time of the ongoing batch service. (iv) If the server is in the breakdown waiting state of batch service, the customer has to wait the remaining waiting period and repair period. (v) If the server is in the repair state due to breakdown during batch service, the customer has to wait the remaining repair period. (vi) If the server is in the second phase, the customer has to wait the remaining time of the ongoing individual service plus the batch service. (vii) If the server is waiting for repair due to breakdown during individual service, the customer has to wait the remaining waiting period and the repair period, the first phase batch service period. (viii) If the server is in the repair state due to breakdown during individual service, the customer has to wait the remaining repair time period plus the first phase batch service period. 
B. Reliability indices
In this section two reliability indices of the system viz.-The system availability and failure frequency under the steady state conditions are discussed. Let A ν (T) be the system availability at time t, that is the probability that the server is working for a customer or in idle period or in startup period, or in batch service such that the steady state availability of the server will be
The steady state availability of the server will be given by
The steady state failure frequency of the server is given by
IV. Optimal Cost Structure
In this section, the optimal value of N is determined that minimizes the long run average cost of twophase M x /M/1, N-policy queue with server break downs and delay in repair. To determine the optimal value of N the following linear cost structure is considered. Hence, for determination of the optimal operating N-policy , minimizing C A (N) in equation (4.1) is equivalent to minimizing
It is hard to prove that (N) T A is convex. But a procedure that makes it possible to calculate the optimal threshold N* is presented below.
V. Result
Under the long run expected average cost criterion, the optimal threshold N* for the model is the best value of 'k' given by and it is one of the integers surrounding N.
Proof: See ref. (11) .
Sensitivity analysis
In this section, sensitivity analysis is performed on the optimum threshold 
